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COALGEBRA-GALOIS EXTENSIONS FROM THE EXTENSION
THEORY POINT OF VIEW
TOMASZ BRZEZIN´SKI
Abstract. Coalgebra-Galois extensions generalise Hopf-Galois extensions, which
can be viewed as non-commutative torsors. In this paper it is analysed when a
coalgebra-Galois extension is a separable, split, or strongly separable extension.
1. Introduction
Given a coalgebra C, an algebra A and a right coaction ρA : A → A ⊗ C one can
define a fixed point subalgebra B of A as consisting of all those elements of A over
which the coaction is left-linear. In this way one obtains an extension B →֒ A,
which is called a coalgebra-Galois extension if a certain canonical left A-module,
right C-comodule map is bijective [4] [3]. The aim of this article is to analyse such
coalgebra-Galois extensions from the extension theory point of view. In particular
we study the problem when such extensions are separable, split or strongly separable
extensions. This problem is put in a broader context of entwining structures and
entwined modules introduced in [4] [2], as a generalisation of a Doi-Hopf datum
and Doi-Koppinen modules [10] [15], respectively. We make use of the notion of a
separability of a functor introduced in [17], and, as a byproduct, we generalise some
of the results of [5] obtained recently for Doi-Koppinen modules.
The paper is organised as follows. In Section 2 we recall definitions and give
examples of entwining structures and entwined modules. In Section 3 we analyse
when certain functors between categories of entwined modules induced by morphisms
of entwining structures are separable. In Section 4 we apply the results of Section 3
to prove that a sufficient and necessary condition for a coalgebra-Galois extension
to be separable is the separability of a certain induction functor. This, in turn,
is equivalent to the existence of a normalised integral in the canonical entwining
structure. In Section 5 we analyse when a coalgebra-Galois extension is a split
extension. This turns out to be related to the separability of the forgetful functor
from the category of entwined modules to the category of right modules - another
special case of the main theorem in Section 3. Finally, in Section 6 we study the
problem when a coalgebra-Galois extension is a strongly separable extension in the
sense of [14].
We work over a commutative ring k with identity 1. We assume that all the alge-
bras are over k, associative and unital, and the coalgebras are over k, coassociative
and counital. Unadorned tensor product is over k. For any k-modules V,W the
symbol Hom(V,W ) denotes the k-module of k-linear maps V →W and the identity
map V → V is denoted by V . The twist map between k-modules V,W is denoted
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by twist : V ⊗W → W ⊗ V , v ⊗ w 7→ w ⊗ v. We also implicitly identify V with
V ⊗ k and k ⊗ V via the canonical isomorphisms.
For a k-algebra A we use µA to denote the product as a map and 1A to denote
the identity both as an element of A and as a map k → A, α 7→ α1A. MA (resp.
AM) denotes the category of right (resp. left) A-modules. The morphisms in this
category are denoted by HomA(M,N) (resp. AHom(M,N)). For anyM ∈MA (resp.
M ∈ AM), the symbol ρM (resp. Mρ) denotes the action as a map (on elements the
action is denoted by a dot). We often write MA (resp. AM) to indicate in which
context the A-module M appears. For any M ∈ MA, N ∈ AM we will write
eqMAN :M⊗A⊗N → M⊗N for the action equalising map defining tensor product
M ⊗A N , i.e., eqMAN = ρM ⊗N −M ⊗ Nρ, M ⊗A N = coker(eqMAN).
For a k-coalgebra C we use ∆C to denote the coproduct and ǫC to denote the
counit. Notation for comodules is similar to that for modules but with subscripts
replaced by superscripts, i.e. MC is the category of right C-comodules, ρM is a
right coaction etc. We use the Sweedler notation for coproducts and coactions,
i.e. ∆C(c) = c(1) ⊗ c(2), ρ
M(m) = m(0) ⊗ m(1) (summation understood). For any
V ∈MC , W ∈ CM, VCW denotes the cotensor product, which is defined by the
exact sequence
0 −−−→ VCW −−−→ V ⊗W
eqV
C
W
−−−−→ V ⊗ C ⊗W,
where eqV
CW is the coaction equalising map, i.e., eqV
CW = ρV ⊗W − V ⊗ Wρ.
2. Preliminaries on entwining structures and coalgebra-Galois
extensions
Definition 2.1. An entwining structure (over k) is a triple (A,C)ψ consisting of a
k-algebra A, a k-coalgebra C and a k-linear map ψ : C ⊗A→ A⊗C satisfying
ψ ◦ (C ⊗µA) = (µA⊗C) ◦ (A⊗ψ) ◦ (ψ⊗A), ψ ◦ (C ⊗ 1A) = 1A⊗C, (1)
(A⊗∆C) ◦ ψ = (ψ⊗C) ◦ (C ⊗ψ) ◦ (∆C ⊗A), (A⊗ ǫC) ◦ ψ = ǫC ⊗A. (2)
A morphism of entwining structures is a pair (f, g) : (A,C)ψ → (A˜, C˜)ψ˜, where
f : A → A˜ is an algebra map, g : C → C˜ is a coalgebra map, and (f ⊗ g) ◦ ψ =
ψ˜ ◦ (g ⊗ f).
The category of entwining structures is a tensor category with tensor product
(A,C)ψ ⊗ (A˜, C˜)ψ˜ = (A ⊗ A˜, C ⊗ C˜)(A⊗twist⊗C˜)◦(ψ⊗ψ˜)◦(C⊗twist⊗A˜), and unit object
(k, k)twist.
For (A,C)ψ we use the notation ψ(c ⊗ a) = aα ⊗ c
α (summation over a Greek
index understood), for all a ∈ A, c ∈ C. The notion of an entwining structure
was introduced in [4, Definition 2.1]. It is self-dual in the sense that conditions
in Definition 2.1 are invariant under the operation consisting of interchanging of A
with C, µA with ∆C , and 1A with ǫC , and reversing the order of maps. Below are
two classes of examples of entwining structures coming from Galois-extensions.
Example 2.2 ([3]). Let C be a coalgebra, A an algebra and a right C-comodule.
Let B := {b ∈ A | ρA(ba) = bρA(a)} and assume that the canonical left A-module,
right C-comodule map can : A ⊗B A → A ⊗ C, a ⊗ a
′ 7→ aρA(a′), is bijective. Let
ψ : C ⊗ A → A ⊗ C be a k-linear map given by ψ(c ⊗ a) = can(can−1(1A ⊗ c)a).
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Then (A,C)ψ is an entwining structure. The extension B →֒ A is called a coalgebra-
Galois extension (or a C-Galois extension) and is denoted by A(B)C . (A,C)ψ is the
canonical entwining structure associated to A(B)C . A coalgebra-Galois extension
A(B)C is said to be copointed if there exists a group-like e ∈ C such that ρA(1A) =
1A ⊗ e.
Dually we have
Example 2.3 ([3]). Let A be an algebra, C a coalgebra and a right A-module. Let
B := C/I, where I is a coideal in C,
I := span{(c · a)(1)ξ((c · a)(2))− c(1)ξ(c(2) · a) | a ∈ A, c ∈ C, ξ ∈ C
∗},
and assume that the canonical left C-comodule, right A-module map cocan : C ⊗
A→ CBC, c⊗a 7→ c(1)⊗ c(2) · a, is bijective. Let ψ : C⊗A→ A⊗C be a k-linear
map given by ψ = (ǫC ⊗A⊗C) ◦ (cocan
−1 ⊗ C) ◦ (C ⊗∆C) ◦ cocan. Then (A,C)ψ
is an entwining structure. The coextension C ։ B is called an algebra-Galois
coextension (or an A-Galois coextension) and is denoted by C(B)A. (A,C)ψ is the
canonical entwining structure associated to C(B)A. An algebra-Galois coextension
C(B)A is said to be pointed if there exists an algebra map κ : A → k such that
ǫC ◦ ρC = ǫC ⊗ κ.
Associated to an entwining structure is the category of entwined modules.
Definition 2.4. Let (A,C)ψ be an entwining structure. An (entwined) (A,C)ψ-
module is a right A-module, right C-comodule M such that
ρM ◦ ρM = (ρM ⊗C) ◦ (M ⊗ψ) ◦ (ρ
M ⊗ A),
(explicitly: ρM(m · a) = m(0) · aα⊗m(1)
α, ∀a ∈ A,m ∈M). A morphism of (A,C)ψ-
modules is a right A-module map which is also a right C-comodule map. The
category of (A,C)ψ-modules is denoted by M
C
A(ψ).
The category MCA(ψ) was introduced and studied in [2]. An example of such
modules are Doi-Koppinen modules introduced in [10], [15]. In this paper we will
be concerned with two covariant functors between categories of entwined modules,
which are special cases of the construction in [2, Section 3]1 (see also [7] for the
Doi-Koppinen case). These functors are induced by certain morphisms of entwining
structures.
Definition 2.5. Let (f, g) : (A,C)ψ → (A˜, C˜)ψ˜ be a morphism of entwining struc-
tures. View C as a left C˜-comodule via Cρ = (g ⊗ C) ◦ ∆C and C ⊗ A˜ as a right
C˜-comodule via ρC⊗A˜ = (C ⊗ ψ˜) ◦ (C ⊗ g⊗ A˜) ◦ (∆C ⊗ A˜). Then (f, g) is said to be
an admissible morphism iff:
(i) for all M˜ ∈MC˜
A˜
(ψ˜), M˜C˜(C ⊗ C) = (M˜C˜C)⊗ C,
(ii) for all M ∈MA, (M ⊗ (C ⊗ A˜))C˜C =M ⊗ ((C ⊗ A˜)C˜C).
For example, if C, C˜ are k-flat then (f, g) is an admissible morphism provided
that C˜C is coflat. On the other hand if k is a regular ring or a field every morphism
is admissible. Also, it can be easily checked that the following morphisms (A, ǫC) :
(A,C)ψ → (A, k)twist and (1A, C) : (k, C)twist → (A,C)ψ are admissible.
1Although the paper [2] is restricted to k being a field, all the results of [2] quoted in the present
paper can easily be seen to hold for a general k.
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Example 2.6. Let (f, g) : (A,C)ψ → (A˜, C˜)ψ˜ be an admissible morphism of en-
twining structures. View A˜ as a right A-module via ρA˜ = µA˜ ◦ (A˜⊗ f), and C as a
right C˜-comodule via ρC = (C ⊗ g) ◦∆C . Then:
(1) For any M˜ ∈ MC˜
A˜
(ψ˜), M˜C˜C is an (A,C)ψ-module with structure maps
ρM˜C˜C = M˜ ⊗∆C and
ρM˜
C˜
C : M˜C˜C ⊗ A→ M˜C˜C,
∑
i
m˜i ⊗ ci ⊗ a =
∑
i
m˜if(aα)⊗ c
α
i .
(2) For any M ∈ MCA(ψ), M ⊗A A˜ is an (A˜, C˜)ψ˜-module with structure maps
ρM⊗AA˜ =M ⊗A µA˜ and
ρM⊗AA˜ : M ⊗A A˜→M ⊗A A˜⊗ C˜, m⊗ a˜ 7→ m(0) ⊗ a˜α ⊗ g(m(1))
α.
(3) The covariant functor −C˜C : M
C˜
A˜
(ψ˜) → MCA(ψ) is the right adjoint of
−⊗A A˜ :M
C
A(ψ)→M
C˜
A˜
(ψ˜). The adjunctions are:
∀M ∈MCA(ψ), ΦM :M → (M ⊗A A˜)C˜C, m 7→ m(0) ⊗ 1A˜ ⊗m(1),
∀M˜ ∈MC˜
A˜
(ψ˜), ΨM˜ : (M˜C˜C)⊗A A˜→ M˜,
∑
i
m˜i ⊗ ci ⊗ a˜ 7→
∑
i
m˜i · a˜ǫC(ci).
Applying Example 2.6 to morphisms (A, ǫC) : (A,C)ψ → (A, k)twist and (1A, C) :
(k, C)twist → (A,C)ψ one obtains
Example 2.7. Let (A,C)ψ be an entwining structure. Then
(1) If M is a right A-module then M ⊗C is an (A,C)ψ-module with the coaction
M ⊗∆C and the action (m⊗ c) · a = m · ψ(c⊗ a), for all a ∈ A, c ∈ C and m ∈M .
In particular A ⊗ C ∈ MCA(ψ). The operation M 7→ M ⊗ C defines a covariant
functor − ⊗ C : MA → M
C
A(ψ) which is the right adjoint of the forgetful functor
MCA(ψ)→MA.
(2) If V is a right C-comodule then V ⊗A ∈MCA(ψ) with the action V ⊗ µA and
the coaction v ⊗ a 7→ v(0) ⊗ ψ(v(1) ⊗ a) for any a ∈ A and v ∈ V . In particular
C ⊗ A ∈ MCA(ψ). The operation V 7→ V ⊗ A defines a covariant functor − ⊗ C :
MC →MCA(ψ), which is the left adjoint of the forgetful functor M
C
A(ψ)→M
C .
Another class of examples of entwined modules comes from (co)algebra-Galois
(co)extensions [3]
Example 2.8.
(1) Let (A,C)ψ be the canonical entwining structure associated to a coalgebra-
Galois extension A(B)C . Then A is an (A,C)ψ-module via ρ
A and µA.
(2) Let (A,C)ψ be the canonical entwining structure associated to an algebra-
Galois coextension C(B)A. Then C is an (A,C)ψ-module via ρC and ∆C .
3. Separable functors of entwined modules
In this section we analyse when functors described in Example 2.6 are separable.
Recall from [17] that a covariant functor F : C → D is separable if the natural
transformation HomC(−,−) → HomD(F (−), F (−)) splits. In this paper we are
dealing with the pairs of adjoint functors, so that the following characterisation of
separable functors, obtained in [20] [8], is of great importance
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Theorem 3.1. Let G : D → C be the right adjoint of F : C → D with adjunctions
Φ : 1C → GF and Ψ : FG→ 1D. Then
(1) F is separable if and only if Φ splits, i.e., for all objects C ∈ C there exists a
morphism νC ∈ MorC(GF (C), C) such that νC ◦ΦC = C and for all f ∈ MorC(C, C˜),
νC˜ ◦GF (f) = f ◦ νC.
(2) G is separable if and only if Ψ cosplits, i.e., for all objects D ∈ D there
exists a morphism νD ∈ MorD(D,FG(D)) such that ΨD ◦ νD = D and for all
f ∈ MorD(D, D˜), νD˜ ◦ f = FG(f) ◦ νD.
Definition 3.2. An admissible morphism (f, g) : (A,C)ψ → (A˜, C˜)ψ˜ of entwining
structures is said to be:
(1) integrable if there exists λ ∈ HomA((C ⊗ A˜)C˜C,A) such that the following
diagrams commute
(C ⊗A⊗ A˜)C˜C
ψ⊗A˜⊗C
−−−−→ A⊗ (C ⊗ A˜)C˜C
A⊗λ
−−−→ A⊗AyC⊗f⊗A˜⊗C
yµA
(C ⊗ A˜⊗ A˜)C˜C
C⊗µ
A˜
⊗C
−−−−−→ (C ⊗ A˜)C˜C
λ
−−−→ A,
(3)
(C ⊗ A˜)C˜C
C⊗A˜⊗∆C−−−−−→ (C ⊗ A˜)C˜C ⊗ C
λ⊗C
−−−→ A⊗ Cy∆C⊗A˜⊗C
∥∥∥
C ⊗ (C ⊗ A˜)C˜C
C⊗λ
−−−→ C ⊗ A
ψ
−−−→ A⊗ C.
(4)
The right A-module structure of (C ⊗ A˜)C˜C is as in Example 2.6(1), explicitly
ρ(C⊗A˜)
C˜
C : c
′ ⊗ a˜⊗ c⊗ a 7→ c′ ⊗ a˜f(aα)⊗ c
α.
(2) totally integrable, if there exists λ ∈ HomA((C ⊗ A˜)C˜C,A) making it an
integrable morphism and such that the following diagram
C
∆C−−−→ C ⊗ Cy1A◦ǫC
yC⊗1A˜⊗C
A
λ
←−−− (C ⊗ A˜)C˜C
(5)
commutes.
Notice that the condition (3) makes sense because ψ is a morphism in MCA(ψ),
(f, g) is admissible and (C⊗µA˜)◦(C⊗f⊗A˜) : C⊗A⊗A˜→ C⊗A˜ is a left C˜-comodule
map, where the k-modules involved are left C˜-comodules via (g ⊗C) ◦∆C ⊗A⊗ A˜
and (g ⊗ C) ◦ ∆C ⊗ A˜, respectively. Similarly, condition (4) makes sense because
∆C is a left C˜-comodule map and ∆C ⊗ A˜ is a morphism in M
C˜
A˜
(ψ˜). Dually to
Definition 3.2 one considers
Definition 3.3. An admissible morphism (f, g) : (A,C)ψ → (A˜, C˜)ψ˜ of entwining
structures is said to be:
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(1) cointegrable if there exists z ∈ HomC˜(C˜, (A˜⊗C)⊗A A˜) such that the following
diagrams commute
C˜
z
−−−→ (A˜⊗ C)⊗A A˜
(A˜⊗∆C)⊗AA˜
−−−−−−−→ (A˜⊗ C ⊗ C)⊗A A˜y∆C˜
y(A˜⊗g⊗C)⊗AA˜
C˜ ⊗ C˜
C˜⊗z
−−−→ C˜ ⊗ (A˜⊗ C)⊗A A˜
ψ˜⊗C˜⊗A˜
−−−−→ (A˜⊗ C˜ ⊗ C)⊗A A˜
(6)
C˜ ⊗ A˜
ψ˜
−−−→ A˜⊗ C˜
A˜⊗z
−−−→ (A˜⊗ A˜⊗ C)⊗A A˜∥∥∥
y(µA˜⊗C)⊗AA˜
C˜ ⊗ A˜
z⊗A˜
−−−→ (A˜⊗ C)⊗A A˜⊗ A˜
(A˜⊗C)A⊗µA˜−−−−−−−→ (A˜⊗ C)⊗A A˜.
(7)
The right C˜-comodule structure of (A˜⊗C)⊗A A˜ is as in Example 2.6(2), explicitly
ρ(A˜⊗C)⊗AA˜ : a˜⊗ c⊗ a˜′ 7→ a˜⊗ c(1) ⊗ a˜
′
α ⊗ g(c(2))
α.
(2) totally cointegrable, if there exists z ∈ HomC˜(C˜, (A˜ ⊗ C) ⊗A A˜) making it a
cointegrable morphism and such that the following diagram
C˜
z
−−−→ (A˜⊗ C)⊗A A˜y1A˜◦ǫC˜
y(A˜⊗ǫC)⊗AA˜
A˜
µ
A˜A←−−− A˜⊗A A˜
(8)
commutes. Here µA˜,A : A˜⊗A A˜→ A˜ is the natural map induced by µA˜.
The right actions of A on the k-modules involved in the above definition are as
follows. For any a ∈ A, a˜, a˜′ ∈ A˜, c, c′ ∈ C, c˜ ∈ C˜: (a˜ ⊗ c) · a = a˜f(aα) ⊗ c
α,
(a˜⊗ c⊗ c′) = a˜f(aαβ)⊗ c
β ⊗ c′α, (a˜⊗ c˜⊗ c) · a = a˜f(aα)β ⊗ c˜
β ⊗ cα, (c˜⊗ a˜⊗ c) · a =
c˜ ⊗ a˜f(aα) ⊗ c
α, (a˜ ⊗ a˜′ ⊗ c) · a = a˜ ⊗ a˜′f(aα) ⊗ c
α. Using properties of entwining
structures and the fact that (f, g) is a morphism of entwining structures one can
easily convince oneself that all the maps featuring in Definition 3.3 are well-defined.
With these definitions at hand we can now state the main result of this section.
Theorem 3.4. Let (f, g) : (A,C)ψ → (A˜, C˜)ψ˜ be an admissible morphism of en-
twining structures.
(1) If for all M ∈MCA(ψ), (M ⊗A A˜)C˜C ⊆ coker(eqMAA˜C˜C), then the functor
−⊗A A˜ :M
C
A(ψ)→M
C˜
A˜
(ψ˜) is separable if and only if (f, g) is totally integrable.
(2) If for all M˜ ∈MC˜
A˜
(ψ˜), ker(eqM˜
C˜C ⊗A A˜) ⊆ (M˜C˜C)⊗A A˜, then the functor
−C˜C :M
C˜
A˜
(ψ˜)→MCA(ψ) is separable if and only if (f, g) is totally cointegrable.
Proof. (1) Let (f, g) be totally integrable and assume that λ is as in Definition 3.2.
For all M ∈MCA(ψ) define
ν˜M : (M ⊗ A˜)C˜C →M,
∑
i
mi ⊗ a˜i ⊗ ci 7→
∑
i
mi(0) · λ(mi(1) ⊗ a˜i ⊗ ci).
Notice that the map ν˜M is well-defined since the fact that (f, g) is admissible implies
that for any x ∈ (M ⊗ A˜)C˜C, one has (ρ
M ⊗ A˜⊗C)(x) ∈ (M ⊗ (C ⊗ A˜))C˜C) =
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M ⊗ ((C ⊗ A˜)C˜C). Take any x =
∑
imi · ai ⊗ a˜i ⊗ ci ∈ (M ⊗ A˜)C˜C. Then
ν˜M(x) =
∑
i
(mi · ai)(0) · λ((mi · ai)(1) ⊗ a˜i ⊗ ci)
=
∑
i
mi(0) · aiαλ(mi(1)
α ⊗ a˜i ⊗ ci) (M ∈M
C
A(ψ))
=
∑
i
mi(0) · λ(mi(1) ⊗ f(ai)a˜i ⊗ ci) (by (3))
= ν˜M (
∑
i
mi ⊗ f(ai)a˜i ⊗ ci).
The above calculation means that Im(eqMAA˜C˜C) ⊆ ker ν˜M , and together with the
assumption that −C˜C preserves the cokernel of the action equalising map eqMAA˜
imply that one can define the map νM : (M ⊗A A˜)C˜C →M by the diagram
(M ⊗A A˜)C˜C −−−→ coker(eqMAA˜C˜C) −−−→ ((M ⊗ A˜)C˜C)/ ker ν˜M −−−→ Mx
∥∥∥
(M ⊗ A˜)C˜C
ν˜M−−−→ M
Slightly abusing the notation we will still write νM :
∑
imi ⊗ a˜i ⊗ ci 7→
∑
imi(0) ·
λ(mi(1) ⊗ a˜i ⊗ ci).
To show that νM is a right A-module map, take any a ∈ A and x =
∑
imi⊗a˜i⊗ci ∈
(M ⊗A A˜)C˜C and compute
νM(x · a) = νM(
∑
i
mi ⊗ a˜if(aα)⊗ c
α
i )
=
∑
i
mi(0) · λ(mi(1) ⊗ a˜if(aα)⊗ c
α
i )
=
∑
i
mi(0) · λ(mi(1) ⊗ a˜i ⊗ ci)a (f ∈ HomA((C ⊗ A˜)C˜C,A))
= νM(x) · a.
Furthermore we have
νM (x(0))⊗ x(1) =
∑
i
mi(0) · λ(mi(1) ⊗ a˜i ⊗ ci(1))⊗ ci(2)
=
∑
i
mi(0) · λ(mi(2) ⊗ a˜i ⊗ ci)α ⊗mi(1)
α (by (4))
=
∑
i
ρM (mi(0) · λ(mi(1) ⊗ a˜i ⊗ ci)) (M ∈M
C
A(ψ))
= ρM ◦ νM(x),
which proves that νM is a right C-comodule map. Using (5) one easily finds that
the adjunction ΦM is splitted by νM . It remains to be shown that νM is natural in
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MCA(ψ). Take any M,N ∈M
C
A(ψ) and φ ∈ Hom
C
A(M,N). Then
νN (
∑
i
φ(mi)⊗ a˜i ⊗ ci) =
∑
i
φ(mi)(0) · λ(φ(mi)(1) ⊗ a˜i ⊗ ci)
=
∑
i
φ(mi(0)) · λ(mi(1) ⊗ a˜i ⊗ ci)
=
∑
i
φ(mi(0) · λ(mi(1) ⊗ a˜i ⊗ ci))
= φ ◦ νM(x),
where we used that φ is a right C-comodule and right A-module map to derive
the second and the third equalities respectively. This completes the proof that the
functor −C˜C is separable.
Conversely, assume that −C˜C is separable and let νM be the corresponding
splitting of ΦM . Define
λ : (C ⊗ A˜)C˜C → A, λ = (A⊗ ǫC) ◦ νA⊗C(1A ⊗ (C ⊗ A˜)C˜C).
Since νA⊗C is a right A-linear map, so is λ. We first show that νM can be expressed in
terms of λ. For anyM ∈MA and m ∈M consider a morphism ℓm : A⊗C →M⊗C
in MCA(ψ) given by a ⊗ c 7→ m · a ⊗ c. Since the splitting of the adjunction Φ is
natural in MCA(ψ) we have
ℓm ◦ νA⊗C = νM⊗C ◦ ((ℓm ⊗A A˜)C˜C). (9)
In particular, choosingM = A one easily finds that (9) implies that νA⊗C is a left A-
module map. Now, if M ∈MCA(ψ) one can take the morphism ρ
M ∈ HomCA(M,M⊗
C), and thus using the naturality of ν, obtain ρM ◦ νM = νM⊗C ◦ (ρ
M ⊗ C). In
view of (9) this reads for all
∑
imi ⊗ a˜i ⊗ ci ∈ (M ⊗ A˜)C˜C projected down to
(M ⊗A A˜)C˜C
ρM ◦ νM(
∑
i
mi ⊗ a˜i ⊗ ci) =
∑
i
ℓmi(0) ◦ νA⊗C(1A ⊗mi(1) ⊗ a˜i ⊗ ci).
Applying M ⊗ ǫC to this last equality and using assumption that (f, g) is admissible
one obtains
νM (
∑
i
mi ⊗ a˜i ⊗ ci) =
∑
i
mi(0) · λ(mi(1) ⊗ a˜i ⊗ ci).
In particular, the choiceM = A⊗C gives for all a ∈ A,
∑
i ci⊗a˜i⊗c
′
i ∈ (C⊗A˜)C˜C
νA⊗C(
∑
i
a⊗ ci ⊗ a˜i ⊗ c
′
i) = a
∑
i
λ(ci(2) ⊗ a˜i ⊗ c
′
i)α ⊗ ci(1)
α. (10)
We are now ready to show that λ satisfies all the conditions of Definition 3.2. Take
any x =
∑
i ci ⊗ a˜i ⊗ c
′
i ∈ (C ⊗ A˜)C˜C, then∑
i
λ(ci ⊗ a˜i ⊗ c
′
i(1))⊗ c
′
i(2) =
∑
i
(A⊗ ǫC) ◦ νA⊗C(1A ⊗ ci ⊗ a˜i ⊗ c
′
i(1))⊗ c
′
i(2)
= (A⊗ ǫC ⊗ C) ◦ (A⊗∆C) ◦ νA⊗C(1A ⊗ x)
= νA⊗C(1A ⊗ x)
=
∑
i
λ(ci(1) ⊗ a˜i ⊗ c
′
i)α ⊗ ci(2)
α (by (10)),
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where we used that νA⊗C is a right C-comodule map to derive the second equality.
This proves that λ satisfies (4). Furthermore, for all
∑
i ci⊗ ai⊗ a˜i⊗ c
′
i ∈ (C ⊗A⊗
A˜)C˜C we have
λ(
∑
i
ci ⊗ f(ai)a˜i ⊗ c
′
i) = (A⊗ ǫC) ◦ νA⊗C(
∑
i
1A ⊗ ci ⊗ f(ai)a˜i ⊗ c
′
i)
= (A⊗ ǫC) ◦ νA⊗C(
∑
i
(1A ⊗ ci) · ai ⊗ a˜i ⊗ c
′
i)
= (A⊗ ǫC) ◦ νA⊗C(
∑
i
aiα ⊗ c
α
i ⊗ a˜i ⊗ c
′
i)
=
∑
i
aiαλ(c
α
i ⊗ a˜i ⊗ c
′
i),
where we used the properties of the domain of νA⊗C and the assumption that −C˜C
preserves cokernel of eqMAA˜ to derive the second equality. This proves that λ satisfies
(3). Finally, for all c ∈ C, ΦA⊗C(1A ⊗ c) = 1A ⊗ c(1) ⊗ 1A˜ ⊗ c(2). Since νA⊗C splits
ΦA⊗C we have 1⊗c = νA⊗C(1A⊗c(1)⊗1A˜⊗c(2)). Applying A⊗ǫC to this equality one
immediately deduces that λ satisfies (5). Therefore the morphism (f, g) is totally
integrable. This completes the proof of the first statement of the theorem.
(2) Given z as in Definition 3.3 define for all M˜ ∈MCA(ψ˜), νM˜ : M˜ → (M˜C˜C)⊗A
A˜, νM˜ = (ρM˜⊗C⊗A A˜)◦(M˜⊗z)◦ρ
M˜ . The proof that νM˜ is the required cosplitting
is dual to the proof of the corresponding part of assertion (1). Conversely, given a
cosplitting νM˜ define ζ = (ǫC˜ ⊗ A˜⊗ C ⊗A A˜) ◦ νC˜⊗A˜ ◦ (C˜ ⊗ 1A˜). ⊔⊓
Notice that the assumption of Theorem 3.4(1) is satisfied if C˜C is coflat. Dually,
the assumption of Theorem 3.4(2) is satisfied if AA˜ is flat. The remainder of the
paper is devoted to the analysis of special cases of Theorem 3.4.
4. Separable coalgebra-Galois extensions
The following notion was introduced in [1]. It generalises the notion of an H-integral
for a Doi-Hopf datum [6, Definition 2.1].
Definition 4.1. Let (A,C)ψ be an entwining structure. An integral in (A,C)ψ is
an element z =
∑
i ai ⊗ ci ∈ A⊗ C such that for all a ∈ A, a · z = z · a. Explicitly,
we require
∑
i aai ⊗ ci =
∑
i aiψ(ci ⊗ a). An integral z =
∑
i ai ⊗ ci is said to be
normalised if
∑
i aiǫC(ci) = 1.
Example 4.2. Let A be a Hopf algebra and B ⊂ A be a left A-comodule subal-
gebra, i.e., a subalgebra of A such that ∆A(B) ⊂ A ⊗ B. Consider the coalgebra
C/B+A. C is a right A-module in the natural way and there is an entwining struc-
ture (A,C)ψ with ψ : c ⊗ a 7→ a(1) ⊗ c · a(2). Let Λ ∈ C be such that for all a ∈ A,
Λ · a = ǫA(a)Λ and ǫC(Λ) = 1. Then z = 1⊗ Λ is an integral in (A,C)ψ.
Proof. Clearly, 1Aǫ(Λ) = 1A. Take any a ∈ A, then (1⊗ Λ) · a = a(1) ⊗ Λ · a(2) =
a⊗ Λ = a · (1⊗ Λ). ⊔⊓
In [1] it has been shown that the existence of an integral in (A,C)ψ is closely
related to the fact that the functor − ⊗ C : MA → M
C
A(ψ) of Example 2.7(1) is
both left and right adjoint of the forgetful functor MCA(ψ) → MA. The following
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theorem, which is an entwining structure version of [5, Theorem 2.14], shows that
integrals are closely related to the separability of −⊗ C.
Theorem 4.3. Let (A,C)ψ be an entwining structure. The functor −⊗C :MA →
MCA(ψ) is separable if and only if there exists a normalised integral in (A,C)ψ.
Proof. Consider an admissible morphism (A, ǫC) : (A,C)ψ → (A, k)twist. Then
− ⊗ C = −kC : MA →M
C
A(ψ). Since AA is flat, Theorem 3.4(2) can be applied
and thus − ⊗ C is separable if and only if (A, ǫC) is totally cointegrable, i.e. there
exists z ∈ Hom(k, (A⊗C)⊗AA) ∼= A⊗C such that conditions (6)–(8) are satisfied.
In this case condition (6) is empty, while condition (7) means that z is an integral
in (A,C)ψ. Finally, condition (8) states that z is normalised. ⊔⊓
The existence of normalised integrals in the canonical entwining structure associ-
ated to a coalgebra-Galois extensions turns out to be equivalent to the separability
of such an extension. First, recall from [13]
Definition 4.4. An extension of algebras B →֒ A is separable if there exists u ∈
A⊗BA such that for all a ∈ A, au = ua and µA,B(u) = 1A, where µA,B : A⊗BA→ A
is the natural map induced by µA. The element u is called a separability idempotent.
Proposition 4.5. A coalgebra-Galois extension A(B)C is separable if and only if
there exists a normalised integral in the canonical entwining structure.
Proof. We first show that can−1 : A ⊗ C → A ⊗B A is an (A,A)-bimodule
map, where the (A,A)-bimodule structure on A ⊗ C is as in Definition 4.1. By
construction, can−1 is a left A-module map. For all z =
∑
i ai ⊗ ci ∈ A⊗ C, a ∈ A
can−1(z · a) = can−1(
∑
i
aiaα ⊗ c
α
i ) =
∑
i
aican
−1(aα ⊗ c
α
i )
=
∑
i
aican
−1(can(can−1(1A ⊗ ci)a)) (def. of canonical ψ)
=
∑
i
aican
−1(1A ⊗ ci)a = can
−1(z)a.
Therefore z is an integral in (A,C)ψ if and only if for all a ∈ A, au = ua, where
u = can−1(z). Furthermore, directly from the definition of the canonical map can,
one finds that (A ⊗ ǫC) ◦ can = µA,B. Therefore z is normalised if and only if
µA,B(u) = 1A. ⊔⊓
Example 4.6. In the setting of Example 4.2, view A as a right C-comodule via
ρA = (A ⊗ π) ◦ ∆A, where π : A → C = A/B
+A is the canonical surjection, and
assume that B = {b ∈ B | ∀a ∈ A, ρA(ba) = bρA(a)} (for example, this holds if
either BA or AB is faithfully flat). Then A(B)
C is a coalgebra-Galois extension, and
if there is Λ ∈ C such that for all a ∈ A, Λ ·a = ǫA(a)Λ and ǫC(Λ) = 1, then B →֒ A
is separable.
The introduction of separable extensions in [13] was motivated by the Hochschild
relative homological algebra [12]. In the case of a coalgebra-Galois extension the re-
lationship between cohomology and separable extensions can be expressed in terms
of integrals in the canonical entwining structure. Recall from [12] that if B is
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a subalgebra of A then for every (A,A)-bimodule M the relative Hochschild co-
homology groups Hn(A,B,M) are defined as cohomology groups of the complex
(
⊕∞
n=0C
n(A,B,M), δ), where C0(A,B,M) = {m ∈M | ∀b ∈ B, b ·m = m · b},
Cn(A,B,M) = BHomB(A⊗B A⊗B · · · ⊗B A︸ ︷︷ ︸
n-times
,M), n > 0,
and the coboundary δ : Cn(A,B,M)→ Cn+1(A,B,M) is given by
δ(f)(a1, . . . , an+1) = a1 · f(a2, . . . an+1) +
n∑
i=1
(−1)if(a1, . . . , aiai+1, . . . , an+1)
+(−1)n+1f(a1, . . . , an) · an+1.
Corollary 4.7. Let A(B)C be a coalgebra-Galois extension. Then a normalised
integral in the associated canonical entwining structure exists if and only if for all
(A,A)-bimodules M , H1(A,B,M) = 0.
Proof. By an argument similar to [9, p. 76], one shows, that the first relative
Hochschild cohomology group is trivial for all (A,A)-bimodules if and only if the
extension B →֒ A is separable. Then the assertion follows from Proposition 4.5. ⊔⊓
Corollary 4.8. Let A(B)C be a coalgebra-Galois extension with a normalised in-
tegral in the canonical entwining structure. Then any (A,A)-bimodule which is
semisimple as a (B,B)-bimodule is semisimple as an (A,A)-bimodule.
Proof. By Corollary 4.7, for all (A,A)-bimodules M , H1(A,B,M) = 0. Then
[12, Theorem 1] implies the assertion. ⊔⊓
Dually one can consider
Definition 4.9. Let (A,C, ψ) be an entwining structure. A k-module map y :
C ⊗A→ k, such that for all a ∈ A, c ∈ C, c(1)y(c(2)⊗ a) = y(c(1)⊗ aα)c(2)
α is called
a cointegral in (A,C)ψ. A cointegral y is said to be normalised if y ◦ (C⊗1A) = ǫC .
Example 4.10. Let C be a Hopf algebra and let A be a right C-comodule algebra.
Then (A,C)ψ is an entwining structure with ψ : c⊗ a 7→ a(0) ⊗ ca(1). Let κ ∈ A
∗ be
such that κ(1A) = 1 and for all a ∈ A, 1Cκ(a) = κ(a(0))a(1). Then y = ǫC ⊗ κ is a
normalised cointegral in (A,C)ψ.
Theorem 4.11. Let (A,C)ψ be an entwining structure. The functor −⊗A :M
C →
MCA(ψ) is separable if and only if there exists a normalised cointegral in (A,C)ψ.
Proof. Consider the morphism (1A, C) : (k, C)twist → (A,C)ψ and apply Theo-
rem 3.4(1). ⊔⊓
Definition 4.12. A coextension of coalgebras C ։ B is said to be a separable
coextension if there exists a k-module map υ : CBC → k such that (C ⊗ υ) ◦
(∆C ⊗ C) = (υ ⊗ C) ◦ (C ⊗∆C) on CBC, and υ ◦∆C = ǫC .
Proposition 4.13. An algebra-Galois coextension C(B)A is separable if and only if
there exists a normalised cointegral in the associated canonical entwining structure.
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Example 4.14. Let C be a Hopf algebra and A ⊂ C a right comodule subalgebra of
C, i.e., ∆C(A) ⊂ A⊗C, so that we are in the setting of Example 4.10. Consider the
coalgebra B = C/CA+, and assume that A = {a ∈ C | π(a(1))⊗ a(2) = π(1C)⊗ a},
where π : C → B is the canonical surjection (this assumption is satisfied if either
AC or CA is faithfully flat). Then C ։ B is an A-Galois coextension and if there
exists κ ∈ A∗ such that for all a ∈ A, κ(a(1))a(2) = κ(a)ǫC and κ(1A) = 1, then this
coextension is separable.
When k = C, a rich source of separable coalgebra-Galois extensions is provided
by quantum homogeneous spaces of compact quantum groups [21]. In this case we
are in the setting of Example 4.14, with C a compact quantum group and A a right
C-homogeneous quantum space. In many cases C is a faithfully flat right or left
A-module (see [16] for examples). The map κ is the Haar measure on C restricted to
A. Perhaps the simplest example of this situation is when C is the quantum SU(2)
group and A is any of the quantum 2-spheres of Podles´ [19].
5. Split coalgebra-Galois extensions
The following definition is a slightly modified version of [1, Definition 4.1]; both
definitions describe the same object if a coalgebra C is a finitely-generated projective
k-module.
Definition 5.1. Let (A,C)ψ be an entwining structure. Any γ ∈ Hom(C ⊗ C,A)
such that the following diagrams
C ⊗ C
C⊗∆C−−−−→ C ⊗ C ⊗ C
γ⊗C
−−−→ A⊗ Cy∆C⊗C
∥∥∥
C ⊗ C ⊗ C
C⊗γ
−−−→ C ⊗ A
ψ
−−−→ A⊗ C
(11)
C ⊗ C ⊗ A
γ⊗A
−−−→ A⊗ A
µA
−−−→ AyC⊗ψ
xµA
C ⊗A⊗ C
ψ⊗C
−−−→ A⊗ C ⊗ C
A⊗γ
−−−→ A⊗ A
(12)
commute is called an integral map in (A,C)ψ. An integral map γ is said to be
normalised, if for all c ∈ C, γ(c(1) ⊗ c(2)) = ǫC(c)1A.
The following theorem is an entwining structure version of [5, Theorem 2.3].
Theorem 5.2. The forgetful functor MCA(ψ)→MA is separable if and only if there
exists a normalised integral map in (A,C)ψ.
Proof. Consider an admissible morphism (A, ǫC) : (A,C)ψ → (A, k)twist. Then
−⊗AA :M
C
A(ψ)→MA is the forgetful functor. In this case (C⊗A)kC = C⊗A⊗C,
and for all M ∈ MA, eqMAA = M so that the assumption of Theorem 3.4(1)
holds. Therefore the forgetful functor is separable if and only if (A, ǫC) is totally
integrable, i.e., iff there exists λ ∈ HomA(C⊗A⊗C,A) satisfying all the conditions
of Definition 3.2. Assume that such a λ exists and define γ = λ ◦ (C ⊗ 1A ⊗ C) :
C ⊗ C → A. Then for all a ∈ A, c, c′ ∈ C we have
aαβγ(c
β ⊗ c′α) = aαβλ(c
β ⊗ 1A ⊗ c
′α) = λ(c⊗ aα ⊗ c
′α) (by (3))
= λ(c⊗ 1A ⊗ c
′)a = γ(c⊗ c′)a,
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where we used that λ is a right A-module map to derive the penultimate equality.
Hence the diagram (11) commutes. Also, (4) implies that the diagram (12) com-
mutes, while the normalisation of γ follows immediately from (5). Thus we conclude
that γ is a normalised integral map as required.
Conversely, assume that γ is a normalised integral map and define λ : C⊗A⊗C →
A, c⊗ a⊗ c′ 7→ aαγ(c
α ⊗ c′). For all a, a′ ∈ A, c, c′ ∈ C we have
aαλ(c
α ⊗ a′ ⊗ c′) = aαa
′
βγ(c
αβ ⊗ c′) = (aa′)αγ(c
α ⊗ c′) = λ(c⊗ aa′ ⊗ c′),
where (1) was used to obtain the third equality. This proves that the diagram (3)
commutes. Furthermore
λ(c(2) ⊗ a⊗ c
′)α ⊗ c(1)
α = (aδγ(c(2)
δ ⊗ c′))α ⊗ c(1)
α
= aδαγ(c(2)
δ ⊗ c′)β ⊗ c(1)
αβ (by (1))
= aαγ(c
α
(2) ⊗ c
′)β ⊗ c
α
(1)
β (by (2))
= aαγ(c
α ⊗ c′(1))β ⊗ c
′
(2) (by (12))
= λ(c⊗ a⊗ c′(1))⊗ c
′
(2).
This proves that diagram (4) commutes. Also,
λ(c⊗ aa′α ⊗ c
′α) = (aa′α)βγ(c
β ⊗ c′α) = aβa
′
αδγ(c
βδ ⊗ c′α) (by (1))
= aβγ(c
β ⊗ c′)a′ = λ(c⊗ a⊗ a′) (by (11)).
Therefore λ is a right A-module map, and, consequently the morphism (A, ǫC) is
integrable. The fact that it is totally integrable follows immediately from the nor-
malisation of γ. ⊔⊓
Example 5.3. Let (A,C)ψ be the canonical entwining structure associated to a
pointed algebra-Galois coextension C(k)A of k. Then the forgetful functorM
C
A(ψ)→
MA is separable.
Proof. Since B = k, CBC = C ⊗ C, and we define γ = (ǫC ⊗ A) ◦ cocan
−1 :
C ⊗ C → A. We show that γ is a normalised integral map. First notice that
since cocan−1 is a left C-comodule map, one has cocan−1 = (C ⊗ γ) ◦ (∆C ⊗ C).
Applying the definition of the canonical entwining map in Example 2.3 to cocan−1
one immediately obtains ψ◦cocan−1 = (γ⊗C)◦(C⊗∆C), i.e. ψ◦(C⊗γ)◦(∆C⊗C) =
(γ ⊗ C) ◦ (C ⊗∆C). Thus we conclude that γ satisfies condition (11).
Let κ : A → k be the algebra map making C(k)A a pointed algebra-Galois co-
extension. One easily finds that ρC = (κ ⊗ C) ◦ ψ and C ⊗ κ = (C ⊗ ǫC) ◦ cocan.
The map γ is the cotranslation map, so, as explained in [3, Theorem 3.5], it has the
following properties
µA ◦ (γ ⊗A) = γ ◦ (C ⊗ ρC), (13)
µA ◦ (γ ⊗ γ) ◦ (C ⊗∆C ⊗ C) = γ ◦ (C ⊗ ǫC ⊗ C). (14)
14 TOMASZ BRZEZIN´SKI
Using all these properties we obtain
µA ◦ (γ ⊗A) = γ ◦ (C ⊗ ρC) (by (13))
= γ ◦ (C ⊗ κ⊗ C) ◦ (C ⊗ ψ)
= γ ◦ (C ⊗ ǫC ⊗ C) ◦ (cocan⊗ C) ◦ (C ⊗ ψ)
= µA ◦ (γ ⊗ γ) ◦ (C ⊗∆C ⊗ C) ◦ (cocan⊗ C) ◦ (C ⊗ ψ) (by (14))
= µA ◦ (A⊗ γ) ◦ (ψ ⊗ C) ◦ (C ⊗ ψ) (def. of ψ).
This proves that γ is an integral map. Finally, γ is normalised by the normalisation
property of the cotranslation map (cf. [3, Theorem 3.5]). ⊔⊓
As explained in [5] the separability of the forgetful functor implies various Maschke-
type theorems. Thus, similarly as in [1] we have
Corollary 5.4. If there is a normalised integral map in (A,C)ψ, then
(1) Every object in MCA(ψ) which is semisimple as an object in MA is semisimple
as an object in MCA(ψ).
(2) Every object inMCA(ψ) which is projective (resp. injective) as a right A-module
is a projective (resp. injective) object in MCA(ψ).
(3) M ∈ MCA(ψ) is projective as a right A-module if and only if there exists
V ∈ MC such that M is a direct summand of V ⊗ A in MCA(ψ) (V ⊗ A is an
entwined module by Example 2.7(2)).
In the case of a coalgebra-Galois extension, the existence of normalised integral
maps in the canonical entwining structure is closely related to the coalgebra-Galois
extension being a split extension. Recall from [18][14]
Definition 5.5. An extension of algebras B →֒ A is called a split extension if there
exists a unital (B,B)-bimodule map E : A→ B. The map E is called a conditional
expectation.
Proposition 5.6. A coalgebra-Galois extension A(B)C is a split extension if and
only if there exists φ ∈ Hom(C,A) such that
(i) ∀c ∈ C, ψ(c(1) ⊗ φ(c(2))) = φ(c)ρ
A(1A),
(ii)
∑
i a
iφ(ci) = 1A, where
∑
i a
i ⊗ ci = ρ
A(1A).
(iii) ∀b ∈ B, c ∈ C, bαφ(c
α) = φ(c)b.
Proof. As explained in the proof of [2, Proposition 4.4], given a unital (B,B)-
bimodule map E : A→ B there exists φ ∈ Hom(C,A) satisfying conditions (i)–(iii).
Explicitly, φ = (A ⊗B E) ◦ can
−1 ◦ (1A ⊗ C). Conversely, given φ ∈ Hom(C,A)
satisfying (i), [2, Theorem 4.3] implies that E : A → B, a 7→ a(0)φ(a(1)) is a left
B-module map. Clearly, condition (ii) implies E is unital. Furthermore, for all
a ∈ A, b ∈ B
E(ab) = (ab)(0)φ((ab)(1)) = a(0)bαφ(a(1)
α) = a(0)φ(a(1))b = E(a)b,
where we used that A ∈MCA(ψ) and the assumption (iii) to derive the second and
third equalities respectively. This completes the proof. ⊔⊓
Let (A,C)ψ be an entwining structure and assume that A ∈M
C
A(ψ). Define B as
in Example 2.2. Then one can consider a covariant functor (−)0 :M
C
A(ψ)→MB
M 7→M0 := {m ∈M | ∀a ∈ A, ρ
M (m · a) = mρA(a)}.
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Notice, in particular, that B = A0. As explained in [2] the functor (−)0 is the right
adjoint of the functor −⊗B A :MB →M
C
A(ψ).
Corollary 5.7. If a coalgebra-Galois extension A(B)C is a split extension then BA
is a faithfully flat module. Consequently, the functors −⊗B A :MB →M
C
A(ψ) and
(−)0 :M
C
A(ψ)→MB are inverse equivalences.
Proof. The first assertion follows from [2, Proposition 4.4], while the second is
the consequence of [2, Corollary 3.11]. ⊔⊓
Proposition 5.8. Let (A,C)ψ be the canonical entwining structure associated to a
coalgebra-Galois extension A(B)C. If there is a normalised integral map in (A,C)ψ
then B →֒ A is a split extension.
Proof. Let γ : C ⊗ C → A be a normalised integral map in (A,C)ψ, and take
φ : C → A, c 7→
∑
i a
i
αγ(c
α ⊗ ci), where
∑
i a
i ⊗ ci = ρ
A(1A). Notice that the
fact that A is an (A,C)ψ module implies that for all a ∈ A, ρ
A(a) =
∑
i a
iaα ⊗ c
α
i .
Furthermore, since ρA is a coaction we have∑
i,j
ajaiα ⊗ c
α
j ⊗ ci =
∑
i
ai ⊗ ci(1) ⊗ ci(2). (15)
We now show that φ satisfies all the conditions of Proposition 5.6. For all c ∈ C
ψ(c(1) ⊗ φ(c(2))) = (
∑
i
aiαγ(c(2)
α ⊗ ci))β ⊗ c(1)
β
=
∑
i
aiαδγ(c(2)
α ⊗ ci)β ⊗ c(1)
δβ (by (1))
=
∑
i
aiαγ(c
α
(2) ⊗ ci)β ⊗ c
α
(1)
β (by (2))
=
∑
i
aiαγ(c
α ⊗ ci(1))⊗ ci(2) (by (11))
=
∑
i,j
(ajaiβ)αγ(c
α ⊗ cβj )⊗ ci (by (15))
=
∑
i,j
ajαa
i
βδγ(c
αδ ⊗ cβj )⊗ ci (by (1))
=
∑
i,j
ajαγ(c
α ⊗ cj)a
i ⊗ ci = φ(c)ρ
A(1A) (by (12))
Using normalisation of γ as well as (15) one easily finds that
∑
i a
iφ(ci) = 1A.
Finally, take any b ∈ B, c ∈ C and compute
bαφ(c
α) =
∑
i
bαa
i
βγ(c
αβ ⊗ ci) =
∑
i
(bai)αγ(c
α ⊗ ci) (by (1))
=
∑
i
(aibβ)αγ(c
α ⊗ cβi ) =
∑
i
aiαbβδγ(c
αδ ⊗ cβi ) (b ∈ B, (1))
=
∑
i
aiαγ(c
α ⊗ ci)b = φ(c)b (by (12))
Therefore φ satisfies all the conditions of Proposition 5.6 and, consequently, B →֒ A
is a split extension. ⊔⊓
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Dually to Definition 5.1 we can consider
Definition 5.9. Let (A,C)ψ be an entwining structure. Any ζ ∈ Hom(C,A ⊗ A)
such that the following diagrams
C ⊗ A
ζ⊗A
−−−→ A⊗A⊗A
A⊗µA−−−→ A⊗ A∥∥∥
xµA⊗A
C ⊗ A
ψ
−−−→ A⊗ C
A⊗ζ
−−−→ A⊗A⊗ A
(16)
C
∆C−−−→ C ⊗ C
ζ⊗C
−−−→ A⊗ A⊗ Cy∆C
xA⊗ψ
C ⊗ C
C⊗ζ
−−−→ C ⊗A⊗A
ψ⊗A
−−−→ A⊗ C ⊗ A
(17)
commute is called a cointegral map in (A,C)ψ. A cointegral map ζ is said to be
normalised, if µA ◦ ζ = 1A ◦ ǫC .
Theorem 5.10. The forgetful functor MCA(ψ) → M
C is separable if and only if
there exists a normalised cointegral map in (A,C)ψ.
Proof. Consider an admissible morphism (1A, C) : (k, C)σ → (A,C)ψ and apply
Theorem 3.4(2). ⊔⊓
Example 5.11. Let (A,C)ψ be a canonical entwining structure associated to a co-
pointed coalgebra-Galois extension A(k)B of k. Then the forgetful functorMCA(ψ)→
MC is separable.
In this case a normalised cointegral map is ζ = can−1 ◦ (1A ⊗ C).
6. Strongly separable coalgebra-Galois extensions
In this section we combine the results of previous two sections to determine when a
coalgebra-Galois extension is a strongly separable extension. Such an extension was
introduced in [14] in order to describe algebraic aspects of the Jones knot polynomial.
Definition 6.1. An extension of algebras B →֒ A is called a strongly separable
extension if it is a separable and split extension, and there exist a separation idem-
potent u =
∑
i ui ⊗ u
i, a conditional expectation E : A→ B and a unit τ ∈ k such
that for all a ∈ A,
(i)
∑
iE(aui)u
i = aτ
(ii)
∑
i uiE(u
ia) = aτ .
Proposition 6.2. Let A(B)C be a coalgebra-Galois extension. If there exist a nor-
malised integral z =
∑
i ai ⊗ ci and a normalised integral map γ ∈ Hom(C ⊗ C,A)
in the canonical entwining structure (A,C)ψ, and a unit τ ∈ k such that
(i)
∑
i ai1A(0)αγ(c
α
i ⊗ 1A(1)) = τ,
(ii)
∑
i ai(0)γ(ai(1) ⊗ ci) = τ,
then B →֒ A is a strongly separable extension.
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Proof. By Proposition 4.5, B →֒ A is separable with u =
∑
i ui ⊗ u
i = can−1(z),
while by Proposition 5.8, B →֒ A is split with a conditional expectation E : A 7→
a(0)1A(0)αγ(a(1)
α ⊗ 1A(1)) = (a1A(0))(0)γ((a1A(0))(1) ⊗ 1A(1)). Take any a ∈ A and
compute:
∑
i
E(aui)u
i =
∑
i
E(ui)u
ia (u is an integral)
=
∑
i
ui(0)1A(0)αγ(ui(1)
α ⊗ 1A(1))u
ia
=
∑
i
ui(0)1A(0)αu
i
βδγ(ui(1)
αδ ⊗ 1A(1)
β)a (by (12))
=
∑
i
ui(0)(1A(0)u
i
β)αγ(ui(1)
α ⊗ 1A(1)
β)a (by (1))
=
∑
i
ui(0)u
i
(0)α
γ(ui(1)
α ⊗ ui(1))a (A ∈M
C
A(ψ))
=
∑
i
(uiu
i
(0))(0)γ((uiu
i
(0))(1) ⊗ u
i
(1))a (A ∈M
C
A(ψ))
=
∑
i
ai(0)γ(ai(1) ⊗ ci)a = τa (z = can(u))
Therefore the condition Definition 6.1(i) is satisfied. Furthermore
∑
i
uiE(u
ia) =
∑
i
auiE(u
i) (u is an integral)
=
∑
i
auiu
i
(0)1A(0)αγ(u
i
(1)
α ⊗ 1A(1))
=
∑
i
aai1A(0)αγ(c
α
i ⊗ 1A(1)) = τa (z = can(u))
This proves Definition 6.1(ii) and thus completes the proof of the proposition. ⊔⊓
Proposition 6.3. Let k be a field and let A(B)C be a coalgebra-Galois extension
with both A and B finite dimensional. Suppose that AB is free. Then B →֒ A
is a strongly separable extension if and only if there exists a normalised integral
z =
∑
i ai ⊗ ci in the canonical entwining structure (A,C)ψ, a map φ : C → A
satisfying conditions (i)–(iii) in Proposition 5.6, and a non-zero τ ∈ k such that
∑
i
aiφ(ci) = τ. (18)
Proof. By Proposition 4.5, B →֒ A is separable with u =
∑
i ui ⊗ u
i = can−1(z),
while by Proposition 5.6, B →֒ A is split with a conditional expectation E : a 7→
a(0)φ(a(1)). By [11, Remark 1.4(d)], Definition 6.1(i) holds provided that condi-
tion Definition 6.1(ii) holds. Thus it suffices to prove that (18) is a sufficient and
18 TOMASZ BRZEZIN´SKI
necessary condition for Definition 6.1(ii). Take any a ∈ A and compute:∑
i
uiE(u
ia) =
∑
i
auiE(u
i) (u is an integral)
=
∑
i
auiu
i
(0)φ(u
i
(1)) =
∑
i
aaiφ(ci).
Therefore
∑
i uiE(u
ia) = τa if and only if (18) holds. ⊔⊓
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